Previous long-wavelength analyses of capillary breakup of a viscous fluid thread in a perfectly inviscid environment show that the asymptotic self-similar regime immediately prior to breakup is given by a balance between surface tension, inertia, and extensional viscous stresses in the thread. In contrast, it is shown here that if viscosity in the external fluid, however small, is included then the asymptotic balance is between surface tension and viscous stresses in the two fluids while inertia is negligible. Scaling estimates for this new balance suggest that both axial and radial scales decrease linearly with time to breakup, so that the aspect ratio remains O(1) with time but scales with viscosity ratio like ( int / ext ) 1/2 for int ӷ ext , where int and ext are the internal and external viscosities. Numerical solutions to the full Stokes equations for int ϭ ext confirm the scalings with time and give self-similar behavior near pinching. However, the self-similar pinching region is embedded in a logarithmically large axial advection driven by the increasing range of scales intermediate between that of the pinching region and that of the macroscopic drop. The interfacial shape in the intermediate region is conical with angles of about 6°on one side and 78°on the other.
I. INTRODUCTION
The capillary instability of a liquid thread is well-known and has many applications. Classical linear theory 1 predicts instability to perturbations with wavelengths greater than the circumference of the thread. Subsequent nonlinear growth of the instability is observed experimentally to lead to disintegration of the thread into droplets, often with the production of many small satellite droplets by secondary instabilities on the fluid filaments left between the primary drops ͑e.g., Refs. 2-4͒. A desire to predict the details of satellite-drop formation for industrial processes such as ink-jet printing has motivated many studies of the spatial and temporal development of capillary instabilities on a jet or thread ͑e.g. Refs. 5-8͒ by use of experimental, numerical, and weakly nonlinear techniques. A wide-ranging review is given by Eggers. 9 Recently, however, the focus of attention has switched from the initial development of the instability to the behavior of the flow in the vicinity of the topological singularity when the thread breaks in two. This switch is due partly to the realization that the final stages of pinching affect the subsequent recoil and satellite-drop formation, and partly to a general interest in the formation, structure, and scaling behavior of singularities in nonlinear systems ͑e.g., Refs. 10-12͒. Close to the breaking point, the length scales and time scales of motion are orders of magnitude less than those in the far field, which suggests that it is possible to perform a local analysis of the Navier-Stokes equations near the breaking point and seek a self-similar solution for the evolution towards ͑and after͒ the singularity.
Since many applications involve liquid threads breaking up in air, it is usually assumed that the external fluid is dynamically passive. Proceeding under this assumption, similarity solutions have been found for the three cases in which the surface-tension-driven dynamics of the internal fluid is controlled by both viscosity and inertia, by viscosity alone, and by inertia alone ͑finite, zero, and infinite Reynolds numbers͒. [13] [14] [15] [16] Among these solutions, it is asymptotically inconsistent to neglect either inertia or viscosity as the breakup singularity is approached, which is thus predicted to be governed by an inertial-viscous-capillary balance. 13 The goal of this paper is to reanalyze capillary breakup including the viscous resistance exerted by the external fluid on the motion of the thread. We find that, however small the external viscosity, as the breakup singularity is approached the external viscous shear stresses associated with axial motion of the thread become comparable to the internal viscous stresses associated with extension of the thread. The external viscous ''brake'' slows the flow down and modifies the solution so that the governing asymptotic balance is now between capillary forces and viscous stresses in the two fluids, while the inertial forces are negligible. Since all experiments require an external fluid, it follows that the ''Eggers'' regime 13 is only transitory and will give way to this new viscously dominated regime sufficiently close to the singularity.
The paper is organized as follows. In the next section we use scaling arguments to show why inertia becomes negligible when external viscosity is taken into consideration. Similar arguments are used to predict power-law scalings for the axial, radial, and velocity scales as functions of the time remaining to breakup. Sections III and IV describe numerical calculations of capillary breakup for the case in which the internal and external fluids are in Stokes flow and are of equal viscosity. The calculations confirm the simple scalings of Sec. II and give self-similar evolution, but also show that the axial velocity in the pinching region increases logarithmically as the time to the singularity decreases. This result is surprising since the locally driven flow is estimated as O (1) , and this stands in contrast to the previous analyses without external viscosity in which the velocity can be estimated by local scalings. The explanation for the increase of the axial velocity in terms of flow driven by conical intermediate regions on either side of the pinch is described in Sec. V and a summary of our findings is given in Sec. VI. In the Appendix we outline a simple one-dimensional long-wavelength model of breakup for the case when the external fluid is much less viscous than the internal. Such localized long-wavelength models have been valuable in previous studies, but the simple model outlined here seems to lack the proper coupling between local and nonlocal effects to reproduce the dynamics seen in Secs. III and IV.
II. SCALING ARGUMENTS
Consider the dynamics of an axisymmetric fluid thread of radius h(z,t), viscosity , density , and surface tension ␥ in a surrounding fluid of viscosity ext and density ext . Neglecting the influence of the external fluid ( ext ϭ0), Eggers 13 argued that the flow in the neighborhood of and immediately prior to breakup is described by a longwavelength approximation to the Navier-Stokes equations in which the axial velocity v(z,t) is uniform across the thread and the dynamics is given by a balance between the axial gradient of the capillary pressure, the axial acceleration, and the internal viscous resistance to extension of the thread. If we combine the dynamic balances ␥‫(ץ‬h Ϫ1 )/‫ץ‬zϳ‫ץ‬v/‫ץ‬t ϳ‫ץ‬ 2 v/‫ץ‬z 2 with the kinematic estimate vϳz/, where is the time remaining to a breakup at zϭ0, then we obtain the scalings
which are the basis of the similarity solutions found in Refs. 13 and 15. Here l ϭ 2 /(␥) and t ϭ 3 /(␥ 2 )ϭl /␥ are the natural fluid-dependent length scale and time scale on which the similarity solutions are valid. In this regime the Reynolds number Reϭvz/ is O(1).
We note that for water l ϳ10 Ϫ8 m and t ϳ10 Ϫ10 s, whereas for syrup l ϳ10 m and t ϳ10 3 s, which suggests that breakup on laboratory ͑millimeter͒ scales will have a significant inertially dominated or viscously dominated transient. Indeed, if the length scale of the initial conditions is l 0 then the initial dynamical response can be characterized by the magnitude of a Reynolds number Re 0 ϭ␥l 0 / 2 ϭl 0 /l ͑the inverse of the Ohnesorge number͒. A viscous-capillary balance ␥‫(ץ‬h
where the choice of l 0 as length scale is arbitrary, t 0 ϭl 0 /␥, and the exponent ␤ is determined as a nonlinear eigenvalue of the resulting similarity equations. 14, 15 Since ReϳRe 0 (/t 0 ) 2␤Ϫ1 and the maximum value of ␤ is 0.175, the neglect of inertia is invalid as →0. An inertial-capillary balance ␥‫(ץ‬h Ϫ1 )/‫ץ‬zϳ‫ץ‬v/‫ץ‬t (Re 0 ӷ1) with vϳz/ also appears at first sight to leave an exponent ␤ to be determined from the similarity equations. 17 However, numerical solutions of breakup in potential flow 16 show that the Laplacian operator imposes hϳz, which gives similarity solutions with the scalings
.
͑3͒
Since hϳz, the far-field shape is predicted to be conical, in agreement with numerical solutions. 16 Since Re ϳ(␥ 2   ) 1/3 /, the neglect of viscosity is invalid as →0. Considerations thus far suggest that ͑1͒ is the final scaling prior to breakup. However, axial motion of the breaking thread drives a flow in the surrounding fluid, the vorticity of which can diffuse a distance of order ( ext / ext ) 1/2 from the thread, which, as hϳ from ͑1͒, corresponds to many thread radii as →0. Hence the external fluid responds as a viscously dominated flow outside an axially sliding cylinder and exerts a shear stress of order ext ‫ץ‬v/‫ץ‬r on the thread or, equivalently, makes a contribution of order ext ‫ץ‬ 2 v/‫ץ‬r 2 to the axial momentum balance. Using rϳh and ͑1͒, this contribution is found to be proportional to Ϫ5/2 as →0, whereas the capillary, inertial, and internal viscous terms are proportional to
. It follows that, unless ext ϵ0, the neglect of the external fluid eventually becomes invalid and the flow makes a transition to a new dynamical balance ͑assum-ing, of course, that molecular dimensions are not reached first͒.
When the external viscous drag is reintroduced, the scalings for the new balance can most simply be obtained from
where mϭ ext /. Since zϳh as →0, a similarity solution for breakup based on these scalings would be expected to have the properties that the quasisteady regions on either side of localized rapid pinching would be asymptotically conical, hϳm
z, and that characteristic velocities in the pinching region, such as the maximum velocity, would be constant.
A number of further points should be noted. First, since we have been assuming implicitly in our scalings that the axial length scale and velocity scale close to breakup are either comparable to or much greater than the radial scales, ͑4͒ is only appropriate if is comparable to or much greater than ext ; the breakup of an inviscid bubble in a viscous environment may require separate analysis. Second, since z and h have the same time dependence, use of a longwavelength ͑slender-body͒ approximation in the Appendix relies on mӶ1 or ext Ӷ rather than on asymptotic behavior in time. Third, the Reynolds number based on ͑4͒, Re ϳ/(t m 1/2 ), is proportional to confirming that the inertial terms are asymptotically small.
It is possible for capillary breakup to pass through a number of these different dynamical regimes as the scales of the pinching region and velocity evolve. The transition from ͑1͒ to ͑4͒ occurs when zϳm 1/2 l , hϳml , and ϳmt ; for some common pairs of fluids, such as water pinching in air, this transition is on molecular scales and beyond the applicability of continuum mechanics. Depending on the relative sizes of the initial Reynolds number Re 0 ϭ␥l 0 / 2 and the viscosity ratio m, it is also possible for a flow to make a transition directly from ͑2͒ to ͑4͒ without passing through the intermediate scaling ͑1͒. The possible transitions are summarized in Fig. 1 . The transition scales between regimes can be determined by the crossovers between Eqs. ͑1͒ and ͑4͒ and used to interpret the dynamical regime corresponding to particular experimental observations.
III. STOKES FLOW SIMULATIONS
The scalings of the previous section show that the asymptotic dynamical balance for capillary breakup is viscously dominated both inside and outside the pinching thread. Motivated by this, we present calculations for the capillary-driven breakup of a fluid drop in which both the drop and its environment are in Stokes flow. Similar calculations are underway by Loewenberg and co-workers. 18 Let the drop surface S(t) have outward normal n and curvature so that the flow is driven by a capillary jump in stress ␥n across S. We make all velocities dimensionless with respect to the scale ␥/ and choose an arbitrary length scale ͑e.g., the initial radius of the drop͒ to scale all lengths. The dimensionless internal viscosity is then 1 and the external viscosity m. The velocity for points xS(t) has the exact boundary-integral representation and dS y is the scalar element of area on S(t) at y. For simplicity, we restrict our attention to axisymmetric configurations so that the azimuthal integral can be performed analytically, and to equal viscosities (mϭ1) so that u is obtained directly as an integral of the curvature rather than as the solution of an integral equation. Equation ͑5͒ can then readily be solved using a boundary-element method, the details of which are very similar to those described in Ref. 20 . The evolution of an initial ''dog-bone'' shape is followed by calculating the interfacial velocity from a discretized version of ͑5͒, moving marker points distributed along the interface with the local normal component of velocity, and then repeating the procedure. Marker points were added and redistributed along the interface in such a way as to maintain a smoothly varying spacing proportional to the local curvature in order to resolve the details of flow near the highly curved pinching region. In the calculations reported here, the initial shapes were represented by about 200 points and the final shapes, in which the minimum radius had decreased to roughly 10
Ϫ10
, were represented by about 4000 points, most of them concentrated near the pinching region. Each time step was chosen to be about 0.5% of the current minimum radius divided by the radial velocity at the minimum, so that each decade of reduction in the minimum radius required about 500 time steps. Test calculations with double the density of marker points and with half the time step yielded the same results as those given below.
IV. RESULTS
The initial and final shapes from three simulations are shown in Fig. 2 and a number of aspects of the evolution of one simulation in Fig. 3 . In each simulation, regions initially with a single minimum radius develop two pinching minima, which suggests a strong propensity for satellite-drop formation in Stokes flow, as in other dynamical regimes. Pinching always occurs asymmetrically, which is like calculations with internal inertia but no external drag 13, 15, 16 and unlike calculations without either internal inertia or external drag. 14 To a very good approximation, the shape on either side of the pinching region is conical ͓Fig. 3͑B͔͒ and the minimum radius h min decreases linearly with time ͓Fig. 3͑C͔͒, which is in agreement with the scaling predictions hϳzϳ given earlier. The axial strain is concentrated in the pinching region ͓Fig. 3͑D͔͒ and, whereas the prediction vϳ1 suggests the velocity scale should be constant, the maximum axial velocity increases steadily.
In order to get a better understanding of the behavior as the point of breakup is approached, we define rescaled variables
Hϭh/h min and ϭ͑zϪz hmin ͒/h min , ͑7͒
where z hmin is the axial location of the minimum radius h min .
Rescaling all lengths with h min in this way allows a better test of self-similarity than rescaling with since the latter requires estimation of the origin of . Figure 4 shows profiles of various rescaled variables for shapes spanning the six decades 10 Ϫ3 Ͼh min Ͼ10 Ϫ9 from the three simulations. There is very good collapse of the profiles of H() ͓Fig. 4͑A͔͒, the axial curvature HЉ()/͓1ϩHЈ 2 ͔ 3/2 ͓Fig. 4͑B͔͒, and the axial strain rate vЈ() ͓Fig. 4͑C͔͒, where primes denote ‫.ץ/ץ‬ These results suggest that the evolution is indeed selfsimilar. The axial velocity v ͓Fig. 4͑D͔͒, however, increases steadily as h min decreases.
A plot of a characteristic axial velocity ͑Fig. 5͒, such as the value v hmin at the minimum radius h min (ϭ0) or the value of the maximum v max near ϭ1.4, shows that the increase in velocity is very well described by the log-linear form vϭϪ0.0243 lnh min ϩconst, where the constant depends on which point of the profile is chosen and which simulation is considered. We argue below that the logarithmically increasing component of the flow is induced by that part of the interface in 1Ӷ͉͉Ӷh min Ϫ1 ͑or h min Ӷ͉zϪz hmin ͉Ӷ1͒ and show that the coefficient 0.0243 can be predicted from a doublecone approximation for the shapes on either side of the pinching region. For the moment, we note that deformation of the interface can only be produced by strain and not by a uniform velocity. Thus the primary effect of the logarithmically increasing velocity component in the pinching region is simply to advect it without deformation, while the local deformation is achieved by the self-similar strain field ͓Fig.
4͑C͔͒.
Further tests of self-similarity in the pinching region were made by considering the variation ͑Fig. 6͒ with h min (t) of variables such as dh min /dt, the maximum value of HЈ on the shallow side ͑which occurs near ϭϪ8͒, and the axial curvature at the minimum HЉ(0). All were found to be asymptotically constant as h min (t)→0, thus confirming selfsimilarity. The convergence in these tests was found to be significantly improved by subtracting the maximum axial velocity from the velocity at every grid-point, updating the interface with the normal component of the residual, and then translating every grid-point by a distance corresponding to the subtracted maximum velocity. The effect of this procedure is to use a suitably translating reference frame in which numerical errors associated with the large axial advection are eliminated in the pinching region and shifted to the distant parts of the drop.
Finally, we observe that the asymptotic shape of the drop in 1Ӷ͉͉Ӷh min Ϫ1 is conical as predicted by the scaling theory, and that the asymptotic slopes are found numerically to be 0.103 and 4.8, corresponding to angles 5.9°and 78.2°. It is interesting to contrast these angles with the cone angles formed by capillary pinching of an inviscid drop, which were found numerically to be 18.1°and 112.8°.
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V. DISCUSSION OF AXIAL VELOCITY
The numerical results presented above show that the near-pinching solution for Stokes flow is self-similar with scalings hϳzϳ. A significant difference from the selfsimilar behavior found in other dynamical regimes is that there is a large locally uniform axial velocity, increasing linearly with ln h min , superposed on and dominating the local strain field in the pinching region. We have seen that this does not prevent self-similarity in an appropriately rapidly translating reference frame. It remains, however, to interpret the large axial velocity.
The assumption of a local similarity solution is based on the separation between the length scale of the pinching region l ϭ␥/ ͑note h min ϳl ͒ and the macroscopic length scale l 0 as →0. The flow can be divided into the curved neck of the pinching region zϭO(l ), an intermediate region l Ӷ͉z͉Ӷl 0 in which the interface is asymptotically conical, and the macroscopic far field zϭO(l 0 ). ͑For simplicity, we choose axes with z hmin ϭ0 here.͒ The velocity field in the pinching region is an integral of the interfacial curvature over contributions from all three regions as expressed in ͑5͒, and it is instructive to consider the role of the three contributions.
The contribution from curvature in the far field is a velocity with an O(l 0 ) scale of variation, which looks like a uniform and constant velocity of translation on the short length scale and time scale of the pinching region and thus plays no role in the pinching dynamics. This additive constant probably accounts for the small, consistent difference between the axial velocities in different simulations which have a different macroscopic shape ͑Fig. 5͒. The contribution to the velocity from the curvature in the pinching region itself, where capillary stresses are O(␥/l ) on a length scale l , is O(␥/) with a length scale of variation O(l ). A purely local solution would have pinching dynamics governed solely by interfacial motion in this region. However, the contribution from the conical intermediate region is driven by a capillary stress proportional to ␥/z. Thus either direct estimation or calculation of separable solutions for Stokes flow in a cone shows that the shear rate is proportional to ␥/(z) and hence that this contribution to the velocity is O͓(␥/)ln(l 0 /l )͔.
A simple calculation confirms that the contribution of the intermediate region is responsible for the linear increase ͑Fig. 5͒ of the axial velocity in the pinching region with ln h min . A perfect cone of half angle ␣ has normal nϭ(Ϫcos ␣, sin ␣), curvature ϭ1/(r tan ␣), and surface element dSϭ2r sin ␣ dr, where r is the radial distance from the apex. If the cone has extent 0ϽrϽR then ͑5͒ with mϭ1 gives an axial velocity
As z/R→0, this integral ͑which can be done analytically if desired͒ is dominated by an O͓ln(R/z)͔ contribution from z ӶrӶR. The dominant contribution from a perfect double cone with slopes t L ϭtan ␣ L and t R ϭtan ␣ R is found to be
͑9͒
Thus the conical regions pull in opposite directions with the side with the angle closest to 45°͑tan ␣ϭ1͒ wining the tugof-war. Taking t L ϭ0.103 and t R ϭ4.8 from the numerical solutions, we find vϳ0.024 ln(R/͉z͉)ϩconst, which is in good agreement with the observed vϳϪ0.0243 ln(h min )ϩconst if we make the obvious identification Rϭl 0 and zϭh min ϰl . The effects of the flow induced by the intermediate region are confined to simple advection of the pinching region since, as with the flow driven by the far field, the length scale of the strain driven by the intermediate region is much greater than l .
VI. CONCLUSIONS
The most important conclusion is that including the effects of viscosity in the outer fluid modifies the asymptotic structure of capillary breakup near the singularity: external shear stresses become comparable to the internal extensional stresses and the capillary driving, and inertia becomes negligible. The aspect ratio of the pinching region is roughly constant with time, rather than asymptotically small, and hence this regime is best described by the Stokes equations in both fluids and the full expression for the curvature, rather than by a long-wavelength approximation. In the limit ӷ ext the aspect ratio is predicted by scaling arguments to be O( ext /) 1/2 , but still constant. It should be noted that, while two-fluid Stokes flow is the theoretical asymptotic regime close to the singularity, some pairs of common experimental fluids, such as water FIG. 6 . Convergence towards self-similarity as h min →0 is revealed by: dh min /dt, the maximum HЈ on the shallow side, and the axial curvature at the minimum HЉ(0). pinching in air, will reach molecular scales before this regime. The transitions from other dynamical regimes are summarized in Fig. 1 and the transition scales readily derived by comparison of ͑1͒-͑4͒.
Numerical solutions of the Stokes equations with ϭ ext show that: the minimum radius and the axial scale of the pinching region are asymptotically proportional to the time remaining to breakup; the shape on either side of the pinching region is asymptotically conical with one side steep ͑Ϸ78°͒ and the other shallow ͑Ϸ6°͒; the shape and strain rate in the pinching region are self-similar when scaled by the time-dependent minimum radius. These results are in agreement with simple scaling theory. The similarity solution is embedded in a logarithmically large flow induced by the conical regions intermediate between the scale of the minimum radius and the macroscopic scale of the drop.
We believe similar results to the above will hold in the case of unequal viscosities, though we have not yet studied this owing to the cost of solving ͑5͒ with m 1. We investigated a simple long-wavelength model for the limit ӷ ext in which the external fluid is represented by a local linear drag term ͑Appendix͒, but concluded that the approximations made did not capture the essential dynamics. It is probably best to deal with the case of unequal viscosities by directly solving the integral equation for the similarity shapes in the pinching region, after taking due account of the logarithmically infinite contribution to the velocity from the far field. drag term proportional to vϪv ϱ with a constant v ϱ . It is possible that a nonlocal term, such as a one-dimensional Hilbert integral, might rectify the problem.
